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THE RIEMANN DELTA INTEGRAL ON TIME SCALES
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ABSTRACT. In this paper, we define the extension f* : [a,b] — R
of a function f : [a,b]r — R for a time scale T and show that f
is Riemann delta integrable on [a, b]r if and only if f* is Riemann
integrable on [a, b].

1. Introduction and preliminaries

Let T be a time scale, a < b be points in T, and [a, b]T be the closed
interval in T. A partition P = {(&;, [ti—1,t:])}1—, of [a,b]T is a collection
of tagged intervals such that

a=th<ti1 <---<th,=0b, t; €T for each i =1,2,--- ,n,
and §; is an arbitrary point on [t;_1,%;)T.

Let f be a real-valued bounded function on [a, b]t. Let M; = sup{ f(t) :
te [ti—1,t))T} and m; = inf{f(t) : t € [ti—1,t;)7}. The upper A—sum
Sp(f) and the lower A—sum Sp(f) of f with respect to P are defined
by

Sp(f) = ZMi(ti —ti—1), Sp(f)= Zmi(ti —ti1).
i=1 i=1

Let {(ax,br)}72, be the sequence of intervals contiguous to [a, bt in
[a,b].
For a function f : [a,b]lr — R, define the extension f* : [a,b] — R of
f by
£t = f(ag) if te(agby) for some k
]l f@) if t¢&l[a,b]r.
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It is well-known [7] that f : [a,b]y — R is McShane delta integrable
on [a,blr if and only if f* : [a,b] — R is McShane integrable on [a, b].

In this paper, we consider the Riemann delta integral and show that
a function f : [a,b]r — R is Riemann delta integrable on [a, b]7 if and
only if f*: [a,b] — R is Riemann integrable on [a, b].

2. The Riemann delta integral

DEFINITION 2.1. For given 6 > 0, a partition P = {(&;, [ti—1,ti])}1y
is a d-partition of [a, b]t if for each ¢ € {1,2,--- ,n} either t; —t;_1 <&
ort; —ti—1 > 9 and o(t;—1) = t;, where o(t) =inf{s € T : s > t}.

DEFINITION 2.2. A bounded function f : [a,b]r — R is Riemann

delta integrable (or Ra—integrable) on [a, b]r if there exists a number
A such that for each € > 0 there exists 6 > 0 such that

Enjf(&)(ti 4| <
=1

for every d—partition P = {(&;, [ti—1,t:]) }iq of [a,b]r. The number A is
called the Riemann delta integral of f on [a,b]T and we write

b
A= (Ra) / I
a
The following theorem gives a Cauchy criterion for R —integrability.

THEOREM 2.3. [3] A bounded function f : [a, bl — R is Ra—integrable
on [a, bl if and only if for each e > 0 there exists a partition P of [a, bt
such that Sp(f) — Sp(f) <e.

Let P = {(& [ti-1, ti]) }ioy and @ = {(¢;, [zj—1,2;]) ]2, be two par-
titions of [a, b](or [a,b]T). If {to,t1, - ,tn} C {0, 21, -, Tm}, then we
say that Q is a refinement of P and we denote Q > P.

Recall that f : [a,b] — R is Riemann integrable on [a,b] with value
A if for each € > 0 there exists a partition P = {(&;, [ti—1,ti])} of [a, b]

such that
S Gy =) - 4] < e
J

for every refinement Q = {(¢;, [xj—1,%;])} of P.

THEOREM 2.4. A bounded function f : [a,bly — R is Ra—integrable
on [a,b]y if and only if f* : [a,b] — R is Riemann integrable on [a,b]. In

that case, (R) f; f*=(Ra) ff f.
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Proof. Let f : [a,blr — R be Ra—integrable on [a, by and let € > 0.

Then there exists a partition Py = {( ?, [tg_l, t?]) "1 of [a, b]r such that

(2.1) ‘zn:f(fi)(tz‘ —ti-1) — (RA)/bf’ <e
i=1 a

for every partition P = {(&;, [ti—1,ti])};—; > Po of [a,b]T.
Assume that P" = {(&;, [t;_1,;])}1 is a partition of [a,b] with P" >

i—1 0
Po, where we regard Py as a partition of [a, b].

If + < n, then there is a unique j < m such that [t;_l,t;] C [t?_l,t(;]
and there is a & € [t9 |, 1% with f*(&) = f(&). For each j < m,

J—17j
there are 71;,42; < n such that [tl t , [t/ t ] C [t ,,t9 and

ilj—17 ilj igj-l’ igj j—l’ 7

;/, =min ;-/ , ;l, =max ;/ .
(e IJ)[tLl,t;]Q[{;St?] J(6) téfl,télqg;(i ,t)?l

By (2.1), we have

> £ (€M~ ti)

i=1
=3 FEE i)
U AR (e

(22) =3 FENEZE) (19 10

Similarly, we have
(2.3) Do ENE—tiiy) > Y FENE] — 1) — 2e.
i=1

From (2.1), (2.2), (2.3) we have
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n

SN - ) — (Ra) / ]

=1

< | Y~ t) = Y HENE — 1)
=1

n b
| -8 - (Ra) [ ]
Jj=1 a

< 2e4€=3e.

Thus f* is Riemann integrable on [a, b] and f: f*=(Ra) ff f.

Conversely, suppose that f* : [a,b] — R is Riemann integrable on

[a,b]. Let € > 0. Then there exists a partition P = {[x;, y;]}1, of [a,b]
such that

Sp(f7) ~ Sp(f*) <.

Let {(a,bxr)} be the sequence of intervals contiguous to [a,b]r in
[a,b]. Put

A = {i|[xs,yi] C |ag,by] for some k € N;i=1,2,---  n},
B={1,2,--- ,n} — A
We see that [z;, yiJr # 0 for each i € B. Put
s; = inflx;, yilr, ti =sup|x;,y;lr for each i € B.
Put Blz{iEB ’ .1‘1'<SZ'}, Bgz{iEBlti<yi}
BgZ{iEB‘SZ’<ti}.
Let K = {k € N | [z;,y:] C [ak,bi] for some i € A}
U{k € N | [z, si] C [ag,b] for some i€ B;}
U{k € N| [ti,yi] C [ak, ] for some i € Bg}.
Then the partition
Pl = {[l‘l,yz] | 1€ A} U {[mi,si] ’ 1€ Bl} U {[ti,yi] | 1€ BQ}
U {[Si,ti] | 1€ Bg}
is a refinement of P. Hence, Sy (f*) — Sy (f*) <e.
Put P = {[si, ;] | i € B3}, @ = {[ag,bx] | k € K} UP".
Then Q is a partition of [a, b]T and
gQ(f) - ﬁg(f) = gp” (f) - §7>” (f)
gp’(f*) —Sp(ff) <e
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By Theorem 2.3, f is Ra—integrable on [a, b|t. O

THEOREM 2.5. Let f be a bounded Ra—integrable function on [a, b|y.
Then f is Ra—integrable on every subinterval [c,d]t of |a, b]T.

Proof. Let f be a bounded Ra-integrable function on [a, b]T. By The-
orem 2.4, f*: [a,b] — R is Riemann integrable on [a, b]. By the property
of the Riemann integral, f* is Riemann integrable on every subinterval

[c,d] C [a,b]. By Theorem 2.4, f is Ra—integrable on every subinterval
[Cvdh‘ C [a7 b]T O

THEOREM 2.6. Let f and g be Ra—integrable on [a,b|T and a, 3 be
real numbers. Then af + B¢ is Ra—integrable on [a,b]T and

ra) [ (@f + Bg) = a(Ra) / f 4 0(R) / 'y

a

Proof. Let f and g be RA—integrable on [a,b]r. By Theorem 2.4,
af* + Bg* is Riemann integrable on [a, b] and

(R)/ab(af + 89°) /f vy /

Hence, af + B¢ is Ra—integrable on [a, b]T and
b

(Ra) /ab(af+ﬂg) —a um/a fep um/a 9

O]

THEOREM 2.7. Let f be a bounded function on [a,b|r and let ¢ € T
with a < ¢ <b. If f is RA—integrable on each of intervals [a,c|T and
[c, b]T, then f is Ra—integrable on [a,b]r and

RA/f RA/f+RA/f

Proof. If f is Ra—integrable on [a, c|r and [c, b]r, then f* is Riemann
integrable on [a, c] and [c,b]. By the property of the Riemann integral,
f* is Riemann integrable on [a,b] and

/f— /f+ /f

By Theorem 2.4, f is Ra—integrable on [a, b]T and

RA/f RA/f+RA/f
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THEOREM 2.8. Let { f,} be a sequence of Ra—integrable functions on
[a, b]T such that f, — f uniformly on [a,b]y. Then f is Ra—integrable

on [a, bt and
b b
(Ra) [ 1= lim (Rs) [

Proof. Let {f,} be a sequence of Ra—integrable functions on [a, b]t
such that f, — f uniformly on [a,b]y. By Theorem 2.4, {f}} is a
sequence of Riemann integrable functions on [a,b] such that f¥ — f*
uniformly on [a, b].

By the property of Riemann integral, f* is Riemann integrable on

[a, b] and
w[r=mmmw [ 5

By Theorem 2.4, f is Ra—integrable on [a, b and

RA/f—hm RA/fn
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